Abstract. Since the works of Haraux and Jaffard we know that rectangular plates may be observed by subregions not satisfying the geometrical control condition. We improve these results by observing only on an arbitrarily short segment inside the domain. The estimates may be strengthened by observing on several wellchosen segments.
Introduction and statement of the main result
Given an open rectangle Ω = (0, ℓ 1 ) × (0, ℓ 2 ) with boundary Γ, we consider solutions of the following system:
They describe the small transversal vibrations of a hinged plate. We are interested in the observability of this system on small subsets of Ω. In order to recall two results, it is convenient to introduce the Hilbert spaces D s for s ∈ R as follows. We fix an orthonormal basis (e k ) in L 2 (Ω), formed by eigenfunctions of −∆ in H Identifying L 2 (Ω) with its dual, we have in particular
(Ω) (with equivalent norms).
Improving a theorem of Haraux [6] , Jaffard [9] , [10] proved the following Theorem 1.1. If ω is an arbitrary non-empty open subset of Ω and T > 0 an arbitrarily small number, then the solutions of (1.1) satisfy the estimates
Here and in the sequel the notation A ≍ B means that c 1 A ≤ B ≤ c 2 A with two positive constants c 1 , c 2 which do not depend on the particular initial data or on the particular choice of some parameters a k .
Next we recall a theorem from [12] , where we observe on a finite number of translates of the vertical side of Ω (see Figure 1 ):
are linearly independent over the field of rational numbers and that they belong to a real algebraic field of degree M + 1.
Then for every positive number T there exists a constant c such that, setting s := −1/M for brevity, the solutions of (1.1) satisfy the estimates
Here and in the sequel the letter c denotes diverse positive constants which do not depend on the particular initial data or on the particular choice of some parameters a k .
Observe that when M → ∞, then the norm on the left side converges to the left side of (1.2).
The first result of the present paper is the following improvement of Theorem 1.2 where we observe only on a finite number of small segments (see Figure 2 Then for every positive number T there exists a constant c such that the solutions of (1.1) satisfy the estimates
In the second half of the paper we are investigating the observability of rectangular membranes, modelised by the following system with the same rectangle Ω as above:
We start again by recalling some earlier results. The first one if a very special case of a general theorem of L. F. Ho [7] and J.-L. Lions, [14] , obtained by the multiplier method. Setting
(see Figure 3) we have the Theorem 1.4. If T > 0 is sufficiently large, then the solutions of (1.5) satisfy the estimates
The proof of Ho and Lions provides the optimal time estimate: T has to be larger than the diagonal of the rectangle. See Bardos, Lebeau and Rauch [3] for a very general condition on T based on microlocal analysis.
Mehrenberger [19] has found an elementary proof of Theorem 1.4 (under a stronger assumption on T ) by a clever application of an Ingham type theorem. Adapting this method, the following theorem was obtained in [13] (see Figure 4) :
If T > 0 is sufficiently large, then the solutions of (1.5) satisfy the estimates
Remark. The direct inequality We give three further results in this direction by showing that we may combine the boundary and internal observations, and that we may restrict the internal observation onto a straight line for a large set of initial data.
For simplicity of notations we consider only the square domain Ω = (0, π) × (0, π), but the results extend to arbitrary rectangular domains by obvious adaptations of the proofs.
Our first result is the following (see Figure 5 ):
Remark. Here too, the direct inequality
also holds by combining the direct part of Theorem 1.4 with Haraux's estimate mentioned above.
In our last two theorems we consider only smooth solutions, corresponding to initial data (u 0 , u 1 ) belonging to 
Now fix a real number α ∈ (0, π) such that α/π is rational, and let p be the smallest positive integer for which pα/π is integer. Observe that sin nα = 0 if and only if n is an integer multiple of p. Theorem 1.7. If T > 0 is sufficiently large, then there exists a positive constant c such that all smooth solutions of (1.5), corresponding to psymmetric (in x 1 ) initial data u 0 , u 1 , satisfy the estimates
See Figures 6 and 7.
Remark. For p = 2 the solutions are odd in x 1 with respect to π/2. Hence the theorem also follows by applying Mehrenberger's method directly to the left half of Ω with homogeneous Neumann boundary condition on the right side and homogeneous Dirichlet boundary conditions on the three other sides. The case p ≥ 3 does not seem to follow from earlier results.
Finally fix two real numbers α, β ∈ (0, π) such that α/π and β/π are rational, and let p, q be the smallest positive integers for which pα/π and qβ/π are integers. In the following theorem we consider only (p, q)-symmetric initial initial data, i.e., initial data which are p-symmetric in x 1 and q-symmetric in x 2 . Theorem 1.8. If T > 0 is sufficiently large, then there exists a positive constant c such that all smooth solutions of (1.5) corresponding to (p, q)-symmetric initial data satisfy the estimates
See Figure 8 .
Remark. Similarly to the preceding result, for p = q = 2 the theorem also follows by applying Mehrenberger's method directly to the subsquare (0, π/2) × (0, π/2) with homogeneous Dirichlet boundary conditions on the upper and left sides, and homogeneous Neumann boundary conditions on the lower and right sides, because the solutions are odd with respect to π/2 in both variables. The other cases of Theorem 1.8 do not seem to follow from earlier results.
Proof of Theorem 1.3
We begin by recalling several results from analysis and Diophantine approximation theory. We fix three positive numbers u, v, z, and for k = (k 1 , k 2 ) ∈ Z 2 we write for brevity |k| 2 = uk 
for all square summable families (a k ) of complex numbers.
Remarks.
• The theorem was stated in [20] with z = 1 but the case z = 1 hence follows by a change of variable.
• In [20] only the so-called inverse inequality
a k e i(zk 2 x 2 +|k| 2 t) was stated. However, the inverse inequality implies that the set of exponents has a uniform gap (see [11, pp. 60, 154] , and the existence of a uniform gap implies the so-called direct inequality
(see [11, p. 155] : the proof of the third step is valid for every bounded integration domain).
In the following proposition we denote by B R the open ball of radius R in R N , centered at the origin. 
Let K = K 1 ∪ · · · ∪ K m be a partition of K, and assume that the estimates
hold for all finite sums with complex coefficients x k , with suitable numbers R j . Then we also have 
bers, where we use the notation
a k e i(zk 2 x 2 +|k|
Indeed, applying Proposition 2.2 with m = 4,
and with arbitrary positive numbers R j (this is possible in view of our first observation and because the union of exponents clearly has a uniform gap), we conclude that the estimates (2.1) hold for every disc centered at the origin. By translation invariance the estimates then hold for all discs (of arbitrary center), and then they also hold for every non-empty bounded open set ω because there exist two discs B 1 and B 2 such that B 1 ⊂ ω ⊂ B 2 .
For rectangular domains the solution of (1.1) has the following form: (2.3)
We note that the eigenvalue corresponding to the eigenfunction
Using formula (2.3) and the definition of the s-norms, a direct computation yields the well-known energy estimate 
Applying the estimate (2.1) for each j = 1, . . . , M for the function f (t, x 2 ) := u(t, α j , x 2 ), we obtain that
Summarizing for j we get
In view of (2.4) the theorem will follows if we show the estimate
This follows from Lemma 2.3 and Theorem 2.4 as in [12] :
3. Proof of Theorems 1.5 and 1.6
For the reader's convenience we also reprove Theorem 1.5 by providing a slightly better condition on T .
Ingham's theorem [8] and its various generalizations are very useful in control theory; see, e.g., [1] , [2] , [11] , [16] , [17] , [18] . Our proofs are based on a recent generalization that we recall now. Let (ω k ) ∞ k=−∞ be a sequence of real numbers, satisfying for some nonnegative integer n and for some positive real number γ the following partial gap condition: 
We also recall from Mehrenberger [19] the following lemma:
Furthermore, we have also the trivial inequality
Combining these two results we obtain the following corollary where we still use the notations
Corollary 3.3. If T > 4 √ 2π, then for any fixed positive integer k 2 we have the following inequality for all square summable sequences (a k ) and (b k ) of complex numbers:
Given any interval (a, b) ⊂ (0, π) we set 
where the complex coefficients satisfy the equality
Proof of the estimate (1.7). Using the representation (3.6) of the solution and applying the preceding corollary we obtain for T > 4 √ 2π the following inequalities:
(In the last two sums k = (k 1 , k 2 ) runs over all couples satisfying the indicated inequality.) Using the inequalities (3.5) it follows that (3.8)
By symmetry we also have (3.9)
In case T 2 ≥ 32π 2 this implies the following, slightly weaker inequality:
(3.10)
Now adding (3.8) to (3.10) we obtain that
If T > 0 is chosen such that (3.14)
then in view of (3.7) we get (1.7) with (3.15) c = 2m
Proof of the estimate (1.8). Proceeding as in the preceding proof, we obtain for T > 4 √ 2π the following inequalities:
Since k 
Turning to the proof of the theorem, we will use the results of the preceding section.
Proof of the estimate (1.9). Proceeding in the usual way we have 
